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J, , Abstract. Wc study the realization problem which asks if a given ori- 

CIh' ented link in an open S-manifold can be realized as a fibre of a submersion 

•^ , to the Euclidean plane. We correct the results obtained by the author 

before which contains an error and certain imperfection, and investigate 
<-^ , a necessary and sufficient condition for the realization in the words of 

well-known invariants. We obtain the condition expressed by the first 
homology group (with mod 2 coefficient). 
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c^ ; 1. Introduction 

The purpose of this note is two- fold. First, we will correct a theorem in [M] 

by the author, and, second, study a problem which arises from the correction. 

^T) • G. Hector and D. Peralta-Salas found out the error in the theorem in [M] 

O 

in 

\q 

Q i manifold so that it is also a fibre of a submersion to the Euclidean space. 

See [HP] . The correct theorem is the following. Unless otherwise stated, we 
work in the smooth (C°°) category in this paper. 



and informed the author about it. Moreover, they studied comprehensively 
the realization problem which asks if a manifold can be embedded in another 



Theorem A. For an oriented link L in an open oriented 3-manifold M , the 

following conditions are equivalent: 

(1) there exists a submersion (yj : M — )■ M^ such that up to isotopy the 
preimage (p~^{0) of the origin is L and (f maps the transverse orien- 
tation of L to the standard orientation ofM.^, i.e., for a small disk D 
transverse to L with the orientation induced from those of M and L, 
the restriction ip\D preserves the orientation, and 
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(2) the cycle L represents the null-class in the homology of locally finite 
infinite chains H^{M]Z) and a preferred framing of L extends to 
M. 



For the term "preferred framing", see below. In the original incorrect theo- 
rem (Theorem 1 in [M]) the above extension condition of ([2]) is missing. If ([T]) 
holds, then the canonical trivialization of the tangent bundle of M? is pulled 
back and with the tangent vectors of the fibres it determines a framing of the 
tangent bundle TM which restricts to a preferred framing of L. Conversely, 
an extension of a preferred framing of L ensures that the projection map 
of the tubular neighbourhood onto the meridian disk extends to the desired 
submersion. This is an application of the h-principle, i.e., A. Phillips' sub- 
mersion classification theory [P] in this case. Now we explain this extension 
condition more precisely and how it fills the gap in the original proof. 

First, for an oriented n-component link L = Li U L2 U ■ ■ ■ U L„ in an open 
oriented 3-manifold M, we choose a tubular neighbourhood N{L) C M and 
its framing v : U"=]^(5'^ x D'^)j — ?> N{L), i.e., an embedding of n solid tori 
lJJ=i('5^ X D^)j onto N{L) which takes the cores lJJ=i('5^ x {0})j to L. 
Here, D^ denotes the unit disk in C and S^ = dD^ . The framing v and its 
restriction to the cores should be chosen to be orientation-preserving. Thus, 
a framing of N{L) is a trivialization of the normal bundle to L realized as 
a tubular neighbourhood and it also induces a trivialization of the tangent 
bundle to N{L), TN{L) = TM\N{L). Moreover, in the case that L repre- 
sents the null-class in H^{M] Z), its framing z/ of a tubular neighbourhood 
is said to be preferred if the union of the longitudes u (U"=i(5'^ x {l})j 
represents the null class in H^{M — Int N{L);'Z). Note that a preferred 
framing is not unique in general even in the case of a knot, unlike in the 
case of a knot in M.^. We call a framing of a tubular neighbourhood N{L) 
also a framing of L. The above extension condition of ([2]) is the requirement 
of an extension to the whole manifold M of the trivialization of TM\N{L) 
induced by a preferred framing of N{L). Note that any oriented 3-manifold 
is parallelizable, i.e., its tangent bundle is trivial. 
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In the proof in |M], it is only shown that a projection map of the tubu- 
lar neighbourhood onto a meridian disk with respect to a preferred fram- 
ing extends to the whole manifold. However, the projection depends on 
the framing of the tubular neighbourhood and in order to apply Phillips' 
submersion classification theorem [P] the trivialization of the tubular neigh- 
bourhood should extend to the whole manifold. That is, the requirement 
of the simultaneous extension of the projection map and the framing of the 
tubular neighbourhood is the necessary and sufficient condition for the exis- 
tence of the submersion with the properties in ([T]). See below for the more 
precise treatment of the extendability of the framing. Theorem |A] is also a 
consequence of Theorem 2.4.2 in |HP] . 

We note that Theorem 2 in [M] is correct even though the proof in [M] is 
not completed. We state it here for the reader's convenience: 

Theorem B ((Theorem 2 in [M]))- For any link L in an open orientable 
S-manifold, there is a submersion </? : M — )■ M^ such that up to isotopy the 
union of compact components of !f~^{0) is L. 

In order to prove this theorem, we have to choose a trivialization of a 
tubular neighbourhood N{L) which extends to the whole manifold M. This 
can be always done by twisting a trivialization once around the meridian 
direction if necessary. Note that we need not to require that the framing is 
preferred here. This observation is missing in the proof in [M]- Theorem [Bl 
is also proved in Application 2.3.8 in |HP] . 

As a consequence of the correction, there arises a question to find a cri- 
terion for a link to be a fibre of a submersion in the words of well-known 
invariants. We will answer to this question for the case of a knot. Sup- 
pose that M is an open oriented 3-manifold and K is an oriented knot in 
M. For the simplicity, we say that K is realizable if there is a submersion 
(/p : M — )■ M^ such that up to isotopy K = ip~^{0) and for a small enough 
disk D transverse to K the restriction (p \D is orientation-preserving. Here, 
D is endowed with the orientation induced from those of M and K. Now 
we fix a trivialization H : TM = M x M.^. Assume that K represents a 
null-class in the first homology group of locally finite infinite chains. Choose 
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a tubular neighbourhood N{K) of K and a framing z/ : 5^ x D^ — )■ N{K) 
of N{K). As noted before, the framing i^ is an embedding of S^ x D^ 
onto N{K) which is a triviahzation of the normal disk bundle to K. Thus, 
each disk u ({exp(t-\/^)} x D"^) may be assumed to be normal to K with 
respect to the metric induced by the parallelization 11. Then, the orien- 
tations of M and K, the parallelization 11, and the framing u altogether 
induce a map f : K ^ SO (3). More precisely, for any p & K we set 



"^lip) = TTTT ^^^ '^2{p) = Tn?! where we write z = x + yy/—T G D^ 

ll-Dz/-^ ll-Dz/ir- 

and choose v^i^p) G TpM so that (wi(p), t;2(p), t'3(p)) defines an orthonormal 
frame of TpM. With respect to 11, this orthonormal frame {vi{p) , V2{p) , v^lp)) 
can be expressed as a special orthogonal matrix which is defined to be 
f{p) e SO (3). We call this map f : K ^ SO (3) an h- framing of K. Note 
that [5\SO(3)] ^ Hom(7ri(Si),7ri(SO(3))) ^ 7ri(SO(3)) ^ Z2 with appro- 
priate choices of base points. Thus, we may identify the homotopy class [/] 
of an h-framing with its image /*[/'i"] G 7ri(SO(3)). A framing of a knot K 
extends to the ambient manifold M if and only if its h-framing extends to 
M. 

Next, we set /i = ^{{1} x dD'^), the meridian loop on dN{K). Let (/i)°° 
denote the subgroup of H^{Em{K); Z) generated by [/i], where Em{K) de- 
notes the exterior of K in M, i.e., Em{K) := M-Int N{K). Note that (/i)°° 
is isomorphic to Z„ = Z/nZ for some n G Z>o, where we consider Zq as Z 
and Zi as 0. Now we state an answer to the above question. 

Theorem 1. Assume that K represents the null-class miJf^(M;Z). If {fi)°° 
is isomorphic to Z2m+i {fn G Z>o), then K is realizable. 

Theorem 2. Assume that K represents the null-class in H^{M]'L) and 
Hi{M]7j) is finitely generated. If (/i)°^ is isomorphic to Z2m (^^ G Z>o), 
then K is realizable if and only if K represents non-zero class in Hi{M]'L2). 

Remark 1. It can be seen by a simple construction that there is a knot K in 
an open orientable 3-manifold M such that one of the conditions of Theorem 
[U and [2] is satisfied respectively. As one of the simplest examples, suppose 
that M = S^^ Int D^ and K is the (p, 1) cable knot of the core circle of M (see 
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Section [3] for the precise description of cable knots). Obviously K represents 
the null-class in H^{M;Z) ^ H'^{M;Z) = and (/i)°° C H'^{Em{K)]Z) 
is isomorphic to Zp. In the case that p is odd, it meets Theorem [1] In 
this case, one can construct a submersion M — t- M^ concretely which shows 
the realizability of K. The construction may show to some extent that the 
reason why the parity of p rules the realizability. In the case that p is even, 
K and M meet the half of Theorem [21 i.e., [K] = in Hi{M;Z2) and 
(^)°° = Zp (p : even). An example which meets the other half of Theorem [2] 
can be constructed with the handlebody of genus 2m by performing a Dehn 
surgery, for example. Anyway, there is a knot K in an open orientable 3- 
manifold M such that [K] = in H^{M; Z), (/i)°° = Za™ and [K] 7^ in 
Hi{M;1j2). a concrete construction not by using h-principle but by hand 
must be interesting itself and deepen our understanding. 

Remark 2. If the meridian of K is odd-torsion in H^{M; Z) then the homol- 
ogy class [K] G Hi{M; Z) is not an even- multiple of any class. This fact can 
be easily seen by considering the intersection form Hi{M; Z) ®if|°(M; Z) — )■ 
Z. 

Remark 3. As mentioned earlier, G. Hector and D. Peralta-Salas |HP] stud- 
ied this kind of realization problem in the more general dimensions and set- 
ting. As one application of their theory, they obtained a characterization for 
a link in M^ to be realizable and in particular they showed that no knot in 
M.^ is realizable. One may consider Theorem 2 generalizes the result. 

Remark 4. In the case of links, the argument will be a rather complicated 
nuisance. It might be just a technicality, nevertheless we omit here the 
consideration in the case of links at all. The complete research including the 
general case of links should be done in the sequel. 

2. Proof of Theorem [U 
First, we need the following lemma. 

Lemma 1. Assume that K represents the null-class in H^[M;1j). Then 
the following hold. 
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(1) // (/i)°° is isomorphic to 1j2m+i {fn ^ ^>o); then there are preferred 
framings Uj : S^ x D^ ^ N{K) (j = 0, 1) which induce h-framings 
fj-.K^ SO (3) such that [fj] = j e Z2 = 7ri(SO(3)). 

(2) // (/i)°° is isomorphic to Z2m {m G Z>o), then the h- framing induced 
by any preferred framing is unique up to homotopy. 

Proof. (1) Suppose u : S^ x D^ — )■ N{K) is a preferred framing and 
fy : K ^ SO (3) is the h-framing induced by v. Let A denote the 
longitude z/(S'^x{l}) and recall /i = v{{l}xdD'^). Thus, the kernel of 
the homomorphism H^{dN{K); Z ) -^ H^{Em{K); Z ) induced by 
the inclusion dN{K) --> EMiK) = M - Int N{K) is generated by [A] 
and (2m + l)[/i]. Therefore [A] +n(2m + 1)[^] = G H^{Em{K); Z ) 
for any n & Z. Now, let u' be the framing S*^ x D^ — > N{K) obtained 
by twisting the preferred framing v 2m + 1 times around /i-direction. 
Then I/' is also preferred and [f^,] = [/^] + (2m+l) ^ [/^] G 7ri(SO(3)), 
where we consider 7ri(SO(3)) as Z2. This shows ([T]). 
(2) As in the proof of ([ID, [A] + n(2m)[/i] = G H^{Em{K);Z ) for 
any n E Z. We fix a preferred framing v : S^ x D^ — )■ N{K). For 
any other preferred framing u' : S^ x D^ — )> N{K) and its induced 
h-framing f^/, we have [f^'] = [fu] + n{2m) = [f,,] G 7ri(SO(3)). 
Thus the h-framing induced by a preferred framing is unique (up to 
homotopy) . 

D 

In other words, we may say that if /i is even-torsion in H^{Em{K)] Z ) 
then the preferred h-framing, i.e., the h-framing induced by a preferred fram- 
ing is unique and if fi is odd-torsion then we can realize any preferred h- 
framing by choosing an appropriate preferred framing. Now, we proceed to 
the proof of Theorem [H 

Proof of TheoremUi Assume that (/i)°° is isomorphic to Z2m+i {fn G Z>o). 
Then, by ([1]) of Lemma [1] we have a preferred framing u : S^ x D^ — )■ N{K) 
which induces an h-framing fy : K ^ SO (3) with [f^] = in 7ri(SO(3)). 
Thus, trivial homomorphism 7ri(M) — )■ 7ri(SO(3)) is an extension of {fu)* '■ 
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ni{K) — !• 7ri(SO(3)). Note that M is homotopy equivalent to a subcom- 
plex of its 2-skeleton with respect to a triangulation of M (cf. jW], for 
example). Therefore, the existence of an extension of the homomorphism 
(/;/)* : T^iiK) — > 7ri(SO(3)) to 7ri(M) implies the existence of an extension 
of the map fu '■ K ^ SO (3) to M. Consequently, by Theorem Rl /T is 
realizable. D 

As we see in the proof of Theorem [H we have a criterion on the exis- 
tence of an extension of a framing of K to M . As mentioned in the proof of 
Theorem [1], an open orientable 3-manifold is homotopy equivalent to a sub- 
complex of its 2-skeleton. Therefore, by an elementary obstruction theory, 
a map / : if — ?■ SO (3) extends to a map M — )■ SO (3) if and only if the in- 
duced homomorphism /* : tii{K) — > 7ri(SO(3)) extends to a homomorphism 
7ri(Af) -> 7ri(SO(3)), i.e., there is a homomorphism $ : 7ri(M) -^ 7ri(SO(3)) 
such that $ o t^ = /^ where i : K ^^ M is the inclusion. Moreover, since 
'Ki{K) and 7ri(SO(3)) are Abelian it is equivalent to the condition that the 
homomorphism /* : Hi{K; Z) — )> ifi(S0(3); Z) extends to a homomorphism 
Hi{M; Z) -^ ifi(S0(3); Z). Thus, we have the following. 

Lemma 2. Let M be an open orientable 3-nianifold and K a knot in M . 
Then the following are equivalent: 

(1) a map f : K ^ S0(3) extends to a map M — )■ S0(3), 

(2) the induced homomorphism /* : tti{K) — )■ 7ri(SO(3)) extends to a 
homomorphism 7ri(M) — )■ 7ri(SO(3)), and 

(3) the homomorphism /* : Hi{K]'L) -^ i7i(SO(3);Z) extends to a ho- 
momorphism Hi{M; Z) -^ Hi{S0{3); Z). 

3. A KEY LEMMA TO THE PROOF OF THEOREM [2] 

In this section, we will study the case of ([2]) of Lemma [H and show a key 
lemma to the proof of Theorem [2l In this case, the preferred h- framing of the 
knot K is unique (up to homotopy), which makes the situation restrictive 
and more complicated. In order to state the key lemma, we define the notion 
of cabling a knot in a manifold and its natural framing. Suppose that p is a 
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positive integer and q is an integer. Set 9 = —. We define p parallel line L 
in M X D^ by 

L := {(t, i exp{ke^/^)) \ t eR,k e Z,0 < k < p} 

and a self-diffeomorphism pp/g on MxD^ by pp/g(t, 2;) := (t+1, exp(— g6'V— l)^;) 
The diffeomorphism pp/q induces an action on M x D^ and its quotient 
(M X D'^)/pp/g is diffeomorphic to S^ x D"^. Precisely, let f] : Rx D'^ ^ Rx D"^ 
be a diffeomorphism defined by fjit, z) := (t, exp{—q6t\/ —1) z) . Then fj is an 
equivariant with respect to the translation and Pp/g, i.e., Pp/g o fi{t,z) = 
fj{t + l,z) for any (t, z) G M x D^. Hence it induces a diffeomorphism 
r] : (M/Z) xD^ ^ {Rx D^)/pp/g. Since exp(27rtv^^) ^ tmodZ is a diffeo- 
morphism from S-^ to M/Z, we have a desired diffeomorphism from 5^ x Z}^ 
to (M X D"^)/ ppjg. Let Lp^g denote the quotient of L by this action. Then 
Lp^g is a link in S*^ x D^ and called a (p, q) cable link of the core curve 
5*^ X {0}. In fact, for the standard solid torus S^ x D^ in S^ , Lp^g is just the 
{p, q) torus link in S^. For any knot Kq in a manifold, we choose a framing 
u : S^ X D^ — > N{Kq) of a tubular neighbourhood and the image u (Lp^g) 
is defined to be a (p, g) cable link of Kq. Note that it depends on the choice 
of the framing of N{Ko). 

To define a natural framing of a cable link, we consider annuli in S^ x D^ 
defined as follows. Let Abe p strips in M x D^ defined by 

A:= {(t,rexp(ke^/^)) \ t eR,^ < r < l,k e Z,0 < k < p} 



' 2 

and set Apg := A/pp/g, the quotient of A by the action of the diffeomorphism 
Pp/g. Thus Ap^g is a union of annuli in S^ x D^ bounded by Lpg and a union 
of mutually disjoint parallel curves in S^ x dD^. For any small tubular 
neighbourhood N{Lp^g), the section Apg fl N{Lp^g) determines a framing of 
N(Lpg). We call this framing the revolution framing of the cable link Lp^. 
See Figure [H Note that if p and q are coprime then Lp g is connected and 
called a (p, g) cable knot. 

The following is the key lemma. By this lemma, we transport the given 
situation on iC to a certain neighbourhood of a basic knot for K. 
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N(Ko) 




Figure 1 . A revolution framing of Lpq at a section 



Lemma 3. Let J be an oriented knot in M which represents the null-class 
in H'^{M\'L ). Suppose [J] = p~f where p is a positive integer and 7 G 
Hi{M]7j). Fix a representative cycle C for'-/: [C] =7. Then there exists a 
cable knot L of C of type {p, 1) if p is even and of type {p, 1) or {p, 2) if p is 
odd which has the following properties: 

(1) L is homologous to J, 

(2) a preferred framing of J induces a preferred framing of L, and 

(3) the h-framing of L determined by the preferred framing of L is equal 
to a revolution h-framing of C . 

Proof. Since [J] = p[C] in Hi{M] Z), there is a chain bounded by J and p 
times of C. Precisely, there is an immersion from a compact orientable sur- 
face S into M with the following properties. The boundary dS decomposes 
into a component d^S and a union d^S of components. The immersion is an 
embedding except d^S where the immersion is a p-iold covering map onto 
C. Moreover, d^S is mapped diffeomorphically onto J. Thus the image is a 
compact (singular) surface in M which is non-singular away from C and in 
a small neighbourhood of C it is a mapping cylinder of a finite covering map 
d^S — 7- C. By abus of notation, let S denote the image of the immersion 
S — !■ M. We choose a small enough tubular neighbourhood N{C). In gen- 
eral position, dN{C) and S are transverse to each other and we may assume 
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that S n dN{C) is a union of parallel, cooriented circles by performing dou- 
ble curve surgery on S (and dN{C)) if necessary. Thus we may assume that 
the covering map 9_S' — ?■ C is p-fold. Moreover, by choosing appropriate 
framing of N{C), we may also assume that S fl dN{C) is a (p, q) cable link 
of C, where < q < p. 

We will deform S in N{C) by performing double curve surgery as follows. 
Consider the concentric tubular neighbourhood Ni/2{C) C N{C) where nor- 
mal disks are of radius | of the normal disks of N{C). We will set a cable 
knot L on dNij2{C) and construct a compact oriented surface B in N[C) 
bounded by 5 fl dN{C) and L. 




Double 

Curve 

Surgery 



meridian disk 




Figure 2. Double curve surgery on A and meridian disks 



Now suppose that p is even. We set L to be the (p, 1) cable knot on 
dNi/2{C) and choose a small tubular neighbourhood N{L) of L. Set A = 
Ap I— Int N{L), where Api is the annulus in N{C) bounded by L = Lp i and a 
curve on dN{C) defined earlier. The orientation of A is naturally determined 
so that it induces the given orientation of L. Moreover, consider disjoint g — 1 
copies of the meridian disk in N{C) with the natural orientation induced by 
those of C and M. Here, in the case g = 0, — 1 copies of the meridian disk 
means one meridian disk with the opposite orientation. Performing double 
curve surgery on the union of A and these meridian disks yields a compact 
proper surface B in N{C) — Int N{L) so that BndN{C) is a (p, q) cable link 
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and B fl dN{L) is isotopic to L in N{L). See Figure [2] and El Note that the 
number of the intersection points of L and g — 1 meridian disks is p|g — 1|, 
an even number. 







-^ SI 



(a) (6, 1) cable and 
two meridian loops 







-^ SI 



(b) (6, 3) cable 



Figure 3. The effect on a section: p = 6 and g = 3 



Next, suppose that p is odd. If q is even, then we set L to be the {p, 2) cable 
knot on dNi/2{C) and A to be the oriented spanning annulus Ap^2 — Int A^(-^) 
similarly to the case p is even. Consider g — 2 copies of the oriented meridian 
disk and perform double curve surgery on A and these meridian disks to 
obtain the desired surface B. As above, if n is an negative integer, then n 
copies means \n\ copies with the opposite orientation. If q is odd, then we set 
L to be the {p, 1) cable knot on dNij2{C) and A to be the spanning annulus 
Ap^i — Int N{L). This time we perform double curve surgery on A and q — 1 
meridian disks to obtain the desired surface B. Note that the number of the 
intersection points of L and the meridian disks are p\q — 2\ if g is even and 
p\q — 1| if g is odd, and both of them are even. 

In any case above, we have a compact oriented proper surface B in N{C) — 
Int N{L) such that B n dN{L) is isotopic to L in N{L) and B n dN{C) is 
isotopic to S n dN{C) in dN{C). Therefore we may consider that B is 
bounded by S* fl dN{C) and L. Thus the surface 5* — Int N{C) attached to B 
along SndN{C) = Bn dN(C) is bounded by J and L. We define a framing 
of L by setting the curve B fl N{L) to be the longitude. 
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As for the h-framing of L, the effect of the surgery is to twist once at 
each intersection point of L with meridian disks. See Figure O As noted 
above, the number of the intersection is even in any case, which imphes the 
h-framing of L determined by the surface B (i.e., induced from the preferred 
h-framing f : J ^ SO (3)) is equal to the h-framing defined by the revolution 
framing. This completes the proof of Lemma [31 D 

4. Proof of Theorem [2] 

In this last section, we will prove Theorem |2l In view of Theorem |X] and 
Lemma El only the extendability of the homomorphism on the first homology 
groups will be our concern. Lemma |3l will be used in the both direction in 
the proof. To show the condition is necessary (Assertion [H in the proof 
below), we will describe the homological situation with a preferred framing 
by Lemma El To show the condition is sufficient (Assertion |2l in the proof 
below), we will use Lemma |3l to adjust a preferred framing and define an 
extended homomorphism. 

Proof of Theorem\^ First, we fix a direct sum decomposition of Hi{M] Z): 

Hi{M; Z) = Ft{Hi{M; Z)) © Tot{Hi{M; Z)) 

where T := Tot{Hi{M; Z)) denotes the torsion subgroup and F := Ft{Hi{M; Z)) 
Hi{M] Z)/T. For the simplicity, we write k = [K] G Hi{M; Z) and with re- 
spect to the above direct sum decomposition, we write k = kjt' + kt G F© T. 
By the assumption of the theorem and Lemma (H a preferred h-framing of 
K is unique up to homotopy. 

By Theorem |A1 and Lemma [21 we only have to show the following two 
assertions. Let C(2) denote the Z2-reduction in Hi{M;Z2) of a class ( G 
Hi{M;Z). 

Assertion 1. If k,(^2) = 0, then /* does not extend to a homomorphism 

Hi{M;Z) ^/7i(SO(3);Z). 

Assertion 2. If K(^2) 7^ 0, then /* extends to a homomorphism Hi{M; Z) -^ 
i7i(SO(3);Z). 
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We note that K(^2) = if and only if {k,f)(2) = G Hi{M;1j2) and either 
kt is odd-torsion or an even multiple of an even-torsion class in Hi{M] Z). 

Proof of AssertionUi Suppose on the contrary to the conclusion there is 
an extension of /* : Hi{K]7j) — )■ i7i(SO(3);Z) to a homoniorphisni $ : 
Hi{M; Z) -> i7i(SO(3); Z). Then since K(2) = and Hi{S0{3); Z) = Z2, we 
have f4[K]) = $ o mK]) = $(«:) = 0. 

Since {nF){2) = 0, there are a primitive class a G iJi(M;Z) and a non- 
negative integer m such that Kp = 2ma. Here, a homology class ( is primitive 
if there is no class whose any multiple is equal to (. As noted above, {k,t){2) = 
if and only if n^ is odd-torsion or an even-multiple of an even torsion class. 
Thus, we have two cases. 

Case 1. Assume that kt is odd-torsion. Suppose that the order of kt is 
k. Then kt = {k — 1){—k,t) = 2n(— kt) for some non-negative integer 
n. Hence, k = Kp + i^t = ^ma + 2n(— kt) = 2{ma + n{—HT))- Setting 
J = K,'~f = ma + n{—KT) and p = 2, we apply Lemma [31 Then we have 
the (2, 1) cable knot L of a representative cycle C of 7 with respect to a 
framing of N{C). Denote the induced h-framing by (7 : C — t- SO (3) and 
the revolution h-framing f^ : L ^ S0(3). In iJi(S0(3);Z) = Z2 we have 
[fp] = 2[g] + l = 1, which implies the h-framing of L is non-zero whatever the 
framing of C may be. Since [L] = k, we have = $(«) = $([1^]) = [/l] = 1 
in iiri(S0(3)Z). This is a contradiction. 

Case 2. Assume that kt is an even multiple of an even-torsion class. Since 
Kt = 2nP for some /3 G iJi(M;Z) and a non- negative integer n, we have 
K = Kp + Kt = 2{ma + nf3). Applying Lemma |3] to J = ii', 7 = ma + n(3 
and p = 2, we have a contradiction similarly as in Case [H 

Thus we have a contradiction in any case, which implies that /* never 
extends to Hi{M; Z). This proves AssertionUi D 

Proof of Assertion\^ Assume that K(2) 7^ 0, i.e., {k,f)(2) 7^ or {k,t)(2) 7^ 
in Hi{M; Z2). The latter is equivalent to the condition that np is an odd 
multiple of a non-zero even-torsion class in ifi(M;Z). We will construct 
a homomorphism $ : iJi(Af;Z) — )■ iJi(S0(3);Z) which is an extension of 



14 SHIGEAKI MIYOSHI 

/* : Hi{K;Ij) — > /Ji(S0(3); Z). We choose representative cycles Kp and 
Kt for the classes np and kt respectively. Moreover, a preferred framing of 
K induces natural framings of Kp and Kt which induce h-framings fxp '■ 
Kp — 7- SO (3) and fx^ '■ Kt -^ SO (3) respectively. 

To construct the desired homomorphism, we will work on summand by 
summand. First, we assume that (kf)(2) 7^ and {i^t){2) 7^ 0. 

Step 1. Since (kf)(2) 7^ 0, there are a (torsion-free) primitive class a G 
ifi(M;Z) and a non-negative integer m such that np = {2m + l)a. Apply 
Lemma[3]to J = Kp, 7 = a and p = 2?Ti + 1. Then we have a {2m + 1, 1) or 
(2m+l, 2) cable knot L of a representative C of a with respect to a framing of 
N{C). Suppose g : C ^ SO (3) is the induced h-framing. Since [L] = [Kp], 
in order to obtain an extension we have to adjust the revolution h-framing 
h so that [h] = [/a>]. Now in /7i(SO(3); Z) we have [h] = {2m + l)[g]+r, 
where r = 1 or 2 depending on the type of the cable knot L. If r = 1, 
then we twist g once in the direction of meridian of N{C) to have another 
h-framing g' : C ^ S0(3). As for g', we have [/l] = (2m + 1)([^'] - 1) + 
1 = [g'] e Z2 = i7i(SO(3);Z). In this case, set h = g'. If r = 2, then 
[/l] = (2m + l)[g] + 2 = [g] and we set h = g. Since by the assumption of 
the theorem, we can choose a basis {ai, a2, ■ ■ ■ , a?,} of F extending a = ai. 
Define <l>^ : Hi{M; Z) -^ Hi{S0{3); Z) as follows: 

' [h] if 2 = 1 



^^ *^ ''0 otherwise 

^f\T = 

Then $^ is a well-defined extension of {fxp)*- 

Step 2. Recall that {k,t)(2) 7^ if and only if kt is an odd-multiple of a non- 
zero even-torsion class. We define a subgroup G of T as follows. Let (kt) 
denote the subgroup generated by Kp in T. We define a subset D"'^'^{hiT) of 
Tby 

D°'^'^{kt) := {(t eT \ kt = {2m + l)a for some m G Z}, 

and we define G to be the subgroup generated by D"'^'^{kp). Note that (np) 
is a subgroup of G. Then by the fundamental theorem for finitely generated 
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Abelian groups, it is easily seen that G is a direct summand of T (hence, 
of Hi{M;Z)). We define a homomorphism ^t ■ G ^ Hi{S0{3);Z) by 
setting ^T\D°'^'^{K'r) = (/a't)*[-^t]- It can be seen that this is well-defined. 
We extend $t to i7i(M;Z) as zero homomorphism on the complementary 
summand of G in Hi{M] Z), which is an extension of [fKr)*- 

Now we have extensions ^p and $t of {fKp)* and (//<y)* respectively. 
Hence setting $ = $^ + $7-, we have 

= ^pO L* [Kf] + $T O 6* [Kt] 
= {fK,).[Kp] + ifK,)^[KT] 

= UK]. 
Thus, we have the desired extension $ of /^.. 

In the case that (kf)(2) = or (kt)(2) = 0, we have to modify the above 
construction in order to adjust the homology class. Indeed, if {k,f){2) = 0, 
then {k,t)(2) ^ and we define ^r by setting ^t\D°'^'^{k,t) = f*[K] and 
^p = 0. If (kt)(2) = 0, then (kf)(2) 7^ and we define $i?(ai) = f^[K](= 
[h] + ifKT)*[KT]) and $t = 0. Then $ = $ir + $t is the desired extended 
homomorphism in these cases. Thus we obtain Assertion El D 

Consequently, the proof of Theorem [2] is completed. D 

Remark 5. The assumption that Hi{M\'L) is finitely generated is used in 
constructing an extended homomorphism, in particular in Step [2] in the proof 
of Assertion [21 As the proof shows, the condition /€(2) 7^ is necessary even in 
the infinitely generated case. The question which asks if /t(2) 7^ is sufficient 
in general is still open. 
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